MATHEMATICS OF COMPUTATION
VOLUME 46, NUMBER 173
JANUARY 1986, PAGES 1-26

An Analysis of the Discontinuous Galerkin Method
for a Scalar Hyperbolic Equation

By C. Johnson and J. Pitkaranta

Abstract. We prove L, stability and error estimates for the discontinuous Galerkin method
when applied to a scalar linear hyperbolic equation on a convex polygonal plane domain.
Using finite element analysis techniques, we obtain L, estimates that are valid on an arbitrary
locally regular triangulation of the domain and for an arbitrary degree of polynomials. L,
estimates for p # 2 are restricted to either a uniform or piecewise uniform triangulation and
to polynomials of not higher than first degree. The latter estimates are proved by combining
finite difference and finite element analysis techniques.

1. Introduction. In this note we prove stability and error estimates for the
discontinuous Galerkin method applied to the scalar linear hyperbolic model prob-
lem

ugtau=f inQ,
u=g onl

(1.1) {

where € is a bounded convex plane domain, 8 = (8, 8,) is a constant unit vector,
ug =B - Vu, a is a bounded measurable function on Q, and T_ denotes the
“inflow” part of the boundary 9Q: I'_= {x € 9Q: »(x) - B < 0}, where »(x) is the
outward unit normal to 9Q at x. Let us recall the definition of the discontinuous
Galerkin method for (1.1) (cf., [9]). Given a finite element partitioning €" = {T} of
Q, let P,(T) denote the space of polynomials of degree < k on T € %", and seek a
function u, defined on © such that for all T € #*, upr € P(T) and

(1.2) fr(uhﬂ + au,)vdx +j;T lv- Bl(uf —u;)vds=0, veP(T),

where » denotes the outward unit normal to 0T, 97 = {x € dT: »(x)- B < 0}, and
uf(x)=Um,_ o+ u,(x + €B), with u;(x) = g(x) if x € I'_. As will be seen below,
u, is uniquely determined by (1.2) and it is possible to compute u,, successively on
each T € ¥, starting at the inflow boundary I'_ where u;, is given [9]. Thus, (1.2) is
an essentially explicit scheme for (1.1).

The subsets 7 in (1.2) are usually triangles or quadrilaterals with possibly curved
sides on 9€2. Here, we assume for simplicity that £ is a polygon and that all the
subdomains in %" are triangles. In this form, the scheme (1.2) has been used
successfully for solving the neutron transport equation approximately, cf., [11].
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To be able here to easily present our results and compare with previous work, let
us for simplicity assume that € is the unit square I X I with I = (0,1), 8, = 0,
B, = 0, and that %, is a uniform triangulation of € with nodes (ik, jh), 0 < i,
Jj < N = h7}, where h is the mesh length. Given a piecewise smooth function v on Q
write v"(+) = v~(-, nh). We shall under various assumptions prove error estimates of
the form

(1.3a) lu = uplle,@ < CR* V2 ulprg, 1<p<oo,
(1.3b) v = w,llz, @ + max lu™ = wiille,

. < Chk+min(1/2,1—1/P)|ulw:ﬂ(ﬂ), 1<p< oo,
(1.3¢) max llu" = up ”L,U) < Chkﬂ/z['ulu/,f“(ﬂ) + mfxlu"|w,f“<1) )

l<p<2.
For p = 2 we prove analogues of (1.3a,b) on general meshes and arbitrary & > 0
using finite element techniques. For p # 2 and k = 0 or kK = 1 we prove (1.3b,c¢)
with 1 € p < o0 and (1.3a) with 2 < p < oo on piecewise uniform meshes using a
combination of techniques from Fourier and finite element analysis and finally in a
similar way we prove (1.3a) for 1 < p < 2 and k& = 0,1 on uniform meshes.

Notice that if 1 < p < 2, then (1.3b) is an optimal estimate in the sense that the
exponent of A& cannot be increased while keeping the norm on u, nor can the
regularity requirements on u be weakened while keeping the exponent of 4. On the
other hand, (1.3a) is not optimal in this sense since for the interpolation error
u — i, where @, € P,(T), T € %,,is a suitable interpolant of u|,, we have

(1.4) lu = a,llz,@ < CH**Hulwsra).

Most likely, the estimate (1.3a) cannot be improved in the above sense for the
method (1.2) and it is an open problem if there are other methods for (1.1) which
allow such an improvement.

Estimates of the form (1.3a—c) for p = 2 on general meshes were proved in [6],
[10] for the so-called streamline diffusion method. In fact, the discontinuous Galer-
kin method and the streamline diffusion method have very similar properties when
applied to (1.1), and the analysis of the two methods is also similar. In particular, it
is possible to prove localization results and local error estimates for the discontinu-
ous Galerkin method which are analogous to those presented in [6], [10]. Let us also
mention that the L,-analysis of both the streamline diffusion method and the
discontinuous Galerkin method can be extended to Friedrichs systems, see [6], [8].

The error estimates (1.3) for p = 2 (and the localization results mentioned above)
are based on a stability estimate for (1.2) of the form

(1.5) L g+l < C[”f||L2(m + ||g”1.2(r_)]

where | - |, 5 is a mesh-dependent seminorm which controls the derivative u,, and
the jumps of » - Bu, across the interelement boundaries. The stability estimate (1.5)
is a discrete (weak) counterpart of the stability inequality

[l ug ”Lz(ﬂ) +ullz, @) < C[”f Iz, + g”Lz(F.)] ’

which obviously holds for the continuous problem.
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Lesaint and Raviart [9], who gave the first analysis of the discontinuous Galerkin
method, proved the following estimate for (1.2) on general meshes for k& > 0,

(1.6) lu = 2,0 < Ch¥|u|wiray-

Notice that in (1.6) the gap, i.e., the difference between the number of derivatives of
u and the exponent of 4, is equal to one. Results of this type are typical in the usual
finite element analysis of linear hyperbolic problems which is based on weaker
stability estimates of the form

sl < C(” e+l g”Lz(I‘_))~

The estimate (1.3a) with p = 2, for which the gap is only 3, was used in a crucial
way in [7] where an L,-analysis of a fully discrete scheme for neutron transport in
cylindrical geometry was given. The estimate (1.3a) with p # 2 may be used to
generalize this analysis to L, p # 2. Of particular interest (for eigenvalue problems)
would then be the case p = 1. Unfortunately, we have been able to prove (1.3a) for
p = 1 only on a uniform mesh.

The estimates (1.3b,c) are of interest when we consider (1.1) as a model for a
linear hyperbolic initial-boundary value problem with x, representing a time varia-
ble and where the approximate solution u, is computed successively on the strips
S,={x€@ (n—1h<x,<nh}, n=1,...,N, so that |[u" = uj|l. . is the
error on each time level x, = nh. For conventional finite element methods (not
including the streamline diffusion method) for (1.1) with piecewise polynomials of
degree k,the typical result for p = 2 reads

max ||u" — ufl |,y < Ch¥u|wi+icqy,
n

with a loss of a factor h'/? as compared with (1.3b). For (dissipative) finite
difference methods a typical result for (1.1) (again with gap = 1) obtained by
Fourier methods in the case of a uniform mesh reads

(1.7) max lu" = uplle, < Ch™| gllwy

where now @ = {x €R%: 0<x,<1, 0 <x; <}, f=0, a=0, the initial
data g is given at x, = 0, and the order of accuracy of the difference scheme is m.
One can verify for k = 0 and k = 1 that the discontinuous Galerkin method in these
cases corresponds to such a dissipative finite difference method of order m = 2k + 1
(with a special choice of initial data for k = 1), and thus we may by interpolation
from (1.7) obtain the result

max [[u" = ujtl|z, < CH** || gllwr+ 1wy,
n

which is the same as (1.3b, ¢) in the present situation.

The plan of the present paper is as follows. In Section 2 we introduce the notation,
prove a basic local stability estimate for the scheme (1.2), and carry out the error
analysis in L,. Sections 3 and 4 are devoted to the L, stability and error analysis.
First, in Section 3, we carry out a Fourier analysis of a finite difference scheme
associated with (1.2) in the case where k = 1, a = f = 0, Q is a half-plane, and ¢”
is a uniform triangulation of Q. Finally, in Section 4, we prove L, error estimates
using the results of Section 3.
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2. Preliminaries and L,-Analysis. For £ a convex polygonal plane domain, let &
be a given family of triangulations of Q indexed by a parameter 4 such that if
%" € & then h = max .4+ hy, where h, denotes the diameter of 7. For conveni-
ence, we assume the geometry of the triangulations to be such thatif 7}, T, € €" € &,
T, # T,, and 9T, N 37T, is nonempty then 07; N 97,, is either a common side or a
common vertex of T} and T,. In the analysis below we will further assume that the
triangulations are either locally quasi-uniform (Section 2), uniform or piecewise
uniform (Sections 3 and 4). The family & is called locally quasi-uniform if there is a
positive constant k such thatif T € " € &, then the angles of T are bounded from
below by k. In a wuniform triangulation #”, all the triangles are identical up to
translation and rotation. Finally, & is called a piecewise uniform triangulation
generated by a triangulation %, if any €" is a refinement of % such that the
restriction of €” to any T € % defines a uniform triangulation of 7.

In what follows, we use the spaces L,(£2) and the Sobolev spaces W™ 7({2) and
H™(Q)=W™2(Q), m>1,1< p < oo, in their usual meaning for @ a domain in
R?. The norm in L,() is denoted by |- ||, ¢ if p#2 and by |||l if p=2.
Similarly, if T is a piecewise smooth curve or a union of such curves, || - ||, r denotes
the norm in L,(T), with the subindex p omitted if p = 2. Some further mesh-
dependent norms will be introduced later on. Below, we denote by C or c, a positive
constant which may take different values on different occurrences. The constant may
depend on the above parameters k and k but not on other parameters, unless
indicated explicitly.

As is shown in [9], one can always solve (2.4) successively, triangle by triangle,
with u; given on 07 either by the previously computed values or by the boundary
condition. Thus, u, is determined uniquely if (1.2) can be solved locally in each
T € " for given f and u;. That this is the case for 4 small enough is established
by the following result:

LEMMA 2.1. Assume that f € L,(?) and g € L,(I'), 1 < p < o0 in (1.1). Then
there is a positive constant h, (depending on « and k) such that if hr||all, - < h, for
all T € %", then u,, is determined uniquely by (1.2) and one has for each T € €" the
local stability estimates

lunll, - + RYP\uy |, or. + B2l upll, o7,

< {hlfllpr+ WPy - Bully.or )

and

lungll, < C{RF 2w - Bl = wi) lpor +unllp r +1f .7} -

Proof. Let us first note that, by a scaling argument and by the equivalence of
norms in a finite-dimensional space, we have for any w € P,(T), T € ¢", the
inequalities

CU 272wl + B27V P Wl or

21) 2 2 2 2
< {hrfrwgdx +_/;T}v-/3|w ds} < CRY* 27w, 7.
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where 1 < p < o0 and C depends only on k and k. Now consider a given T € ¢*,
denote uy r by ¢, ¢, € P, (T), and set

£(o,,0) =L(¢hﬁ+a¢h)vdx+[)r o,v - Blods.

Choosing v = ¢, + Yhr¢,s, where v € (0, 1] is defined below, we have
(22) ”U”p.T< C”th”p.Ta 1 <P < o0,

and

1
£(9n0) =5 [ ol - Blds + vhr [ &

+'thfaT_ |V : ,BI(#,,(#,,Bds + La¢h(¢h + th¢hﬂ) dx.
Using here (2.1) and (2.2) and recalling that ¥ < 1 we obtain

¢(94,0) > 5(1- Cy - Chrllallw,r){hrfr Shadx+ [ dilr- mds}.

Choosing here y = min{1,1/2C} and assuming that Ch;|la||,, r < %, say, we
conclude, recalling (2.1) and (1.2) that for some constant C,

— 2 - 2
R (T e P
<4(90) = [ fodx + [ il Blds
T aT,..

Applying on the right-hand side the Holder inequality, and recalling (2.1) and (2.2),
the first inequality in the lemma follows. The second inequality can now be proved
analogously, by choosing v = ¢, in (1.2). We omit the details. O

In what follows, we associate with each " € & a finite element space V, defined by
(2.3) Vi={ve Ly(Q): v, € P(T), Te %"}

Further, we set
I, = ( U aT)\asz.
Teg"
If Tc Qand S C T, U 9Q, we use the abbreviations

(v,w)T=f ow dx, <v,w>s=f owl|v - B ds,
T s

where » is a normal to S. In this section we drop the subindex T if T = . For a

piecewise continuous function v, we set v(x) = lim__, y: v(x £ &B) for x € T},
By summing over 7 € €* in (1.2), we obtain the following equivalent formula-

tion of the discontinuous Galerkin method. Given k and %*, find u, € V, such that

(2.4) B(uy,v) = (f,0) +{g,0)r, VvEV,
where

(2.5) B(w,0)= Y (wy+aw,v) +{w=w 0" ) +{w,v)r.
Teg¢"



6 C. JOHNSON AND J. PITKARANTA

Using the partial integration formula
(WB, U)T = <W’ U>ar+ - (w, U>ar_ ~(w, UB)T
we can also write
(2.6) B(w,v)= Y (w,—vp+av) +{w,o—v*)p +{w,0)r..
Te "

Note that we can replace u, by the exact solution u in (2.4), i.e., we have the
consistency relation

(2.7) B(u—u,,v)=0, vEV,

In the error analysis below, we also make use of the following dual variational
problem: Given ¢ € L,(9), find ¢, € V), such that
(2.8) B(w,¢4) = (p.w), wET,
In view of (2.6), ¢,, is simply the discontinuous Galerkin solution to the problem
¢y + ad = in Q
(2.9) # ¥
=0 onl,.

Let us now assume that & is a locally quasi-uniform family of triangulations and

let us associate with each #” € & a seminorm | - | ».p and a norm Il - llx.g defined by
2 2
lofns =L hllopl, + (o= v ))T, +{({o))T
Te%"

2 2 2
Wollne =lol™ +lolhe.

where ((v))Z = (v, v)s. Then we can prove the following result, which is one of the
main results of this paper.

THEOREM 2.1. Let & be a locally quasi-uniform family of triangulations of 2, and let
V), be defined by (2.3) for each €" € & and for some given k > 0. Then, there is a
constant h, depending on k and k such that if u is the solution to (1.1) and
h'/%||a|| o.q < hg, the solution u, to (2.4) satisfies the stability estimate

lelln.g < C(1f Nl + 1 - 81 ¢
and the error estimate
(2.10) llu = gl < CHF*2lu] sy
where the constants depend on ||a||, o and diam({2).
Remark. Note that from the error estimate (2.10) it follows, in particular, that
((u =) )p < CH** 12 u] sy
or, more generally: we have for any ' C Q with boundary I'” such that I'’ = T_ that
((u = up) )p < CH V2 ul oo gy,

This means that the estimate (2.10) is optimal. (See the Introduction.)
Proof. Following [10] we introduce the weight function

¢(x) —_ e—v(x*xO)'ﬂ’
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where x is a point on 02 chosen so that ||{||, o = 1. For x € L,(£), let x denote
the L,-projection of x into V,, i.e., x is defined by

(x —%x,v)r=0, ve P(T), T ¢".
By (2.4), we have
(2-11) '@(uh’ Hb“h) = g(“h’ Yu, _‘T’;h) + (f, %h) + <g, ‘T’;h>r_-
On the left-hand side we obtain by straightforward computation
B(uy, bu,) = (“h, (Hba - %‘Pﬁ)uh)

+ %(u; —up, ¥ (uy - “Z)>r,, + 3wy, ‘Puh>r-
Choosing ¥ = 2||d||,, + 1 and noting that

~p(x) = 1 (x) > yeriam,
we obtain

(212)  B(uyw,) > {lul” + 5w = ui)), + 2w,

where C depends on y and diam 2. To estimate the right-hand side of (2.11), we use
the standard estimates

(2.13a) Ix = xllr < ChE" | x| weorry,
(2.13b) Ix = xllor < ChE* Y2 X | s

Since [uy|gerrcry = 0, [¥llwre(ry < Cy' and ||uyll gy < Ch7llupll, 0 < U< b+ 1,
we obtain

”‘P“h “‘Puh“T + hlr/zu‘l’uh _‘»l’uhuar< Cmax{yhT9(7hT) " }”“h Il -
Now setting v = Yu, — Yu, and recalling that (v,w); =0forw e P (T), T € &*,
we conclude from (2.5) that

B(u,,v) = (u; — “;»U+>r,, + (up,v)r + (au,,v).
By the above interpolation error estimates, if v4; < 1, we have
(o)), + {(oD)r < Ol ol < Cohluy,
so that
o~ 2 2
l'@(uh"l’uh - l,bu,,)l < %(”uh" + <<“;r - “;>>§‘,, + <<uh>>%‘) + C'yzh||uh|] .

Assuming now that yh'/? = (2||a||,, + 1)A'/? is small enough, and combining
(2.11), (2.12) and Lemma 2.1, we obtain

ClluylI < B(wy¥) < (171 +] 15 - 8]

which proves the asserted stability estimate.
The error estimate follows in a similar fashion noting that

2 TN N
Cllu, - i‘lllh.ﬂ < g(uh =i, ¢ (uy, — f‘)) = .@(u =, (u, - f‘))

< Chk+l/2|ull("“(ﬂ)|” u, — f‘mh.ﬁ-

g )l oo

Here the equality is a consequence of (2.7) and the last inequality follows from (2.6)
and (2.13). O
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3. Finite Difference Analysis. In this section we apply the discontinuous Galerkin
method to the simplified model problem: Find the function u = u(x,t) defined on
R X R* such that

du ou N
(3.1) ar T3 =0 (x,t) e R X R",
u(0,x) = g(x) x € R.

This is obviously a special case of problem (1.1) where € is a half-plane, a = f = 0
and y = B,/B; is a constant. We assume below that 0 < y < 1. The finite element
partitioning € of 2 = R X R* is defined in terms of the grid points

xi=ih’ i=0,+1,+2,...,
t, = nh, n=20,1,2,....
We set
{ ni» m’ 0,1,..,,i=0,i1’___}’

where T is a triangle with vertices at (x,_,,t,_1), (x,.¢,_;) and (x,,¢,) and T,
has its vertices at (x,_,, ¢,_1),(x;_1, t,) and (x,, t,) (see Figure 1). Now if u,(-,¢,_;)
is given for some n > 1 we can solve (1.2) for u, on any T = T, and thereafter on
any T = T, thus obtaining u,(-, t,). Denoting by W, the space

W, = {U € Ly(R): v, € P(L), I;= (x,_1,x,), i =0,%1,... },

we can write the discrete solution algorithm formally as
ui_r("tn)=Ghu;("tn—l)’ n?l,
u;(,O) = T8

where G,: W, » W, is a linear operator independent of n,and =, denotes the
L,-projection into W,. We have here utilized the fact that the numerical scheme is
unchanged if g is replaced by 7, g, a property that is obvious from (1.2).

To see the structure of the operator G, more closely, consider the triangles
T,'._,, T, and T,; for some given n, i (see Figure 1). Since y € [0, 1], we can solve

(1.2) for T = T once uj(x,t,_,)is known for x € (x,_y, x,). In fact, we obtain for
all i,

(3.2)

(33) uh(x7t)=u;(x—7(t— tn—1)9tn—1)» (x,t)E T
t
n
T,
ni
Tt T,
n,i-1 ni
t
n-1 ¥i-2 ¥i-1 *i
FIGURE 1

Using (3.3) we can now determine u,, on T,; from

au,, Bu,, . _
f (Bt Y3y )de+far)_(uh uy)ov-Bds=0

(3'4) ne P.(T-).
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Let us choose here v(x,t) = w(x — yt), where w is a polynomial of degree < k on
R. Then dv/d¢ + ydv/dx = 0 and we obtain by partial integration in (3.4) that

f u;vv-ﬁds=f ujvv - Bds.
7). BT,

Noting that » - Bds = adx on 97, with a a constant, and recalling (3.3), we further
obtain

S L (et) = wi(x = vhy 1, )] w(x = v,) dx = 0.

Xi-1

Since w is here an arbitrary polynomial of degree < k, we conclude that G, is
defined by

(3.5) G, =mG,
where G denotes the corresponding exact solution operator:
(3.6) (Gv)(x) =v(x — vh).

We may interpret (3.2) as a finite difference scheme by introducing the notation

U(x) = [UM(x),...,U8(x)]7,
U (x) = u;(x,1,),

n 0y,
U5 (x) = hg(xo1,)

k. -

9%u,
x,t,),
ol S

Ut (x) = h*

where x € {x,,,,,=(i+1/2)h,i=0,£1,...}. Obviously, U"(x,,,,,) defines
u;(-,t,) uniquely on the interval (x; x,,,) and vice versa. Since u,(-,t,) is
determined uniquely on (x,_;, x;) when u;(-,¢,_;) is known on (x;_,, x;), (3.2)
corresponds to a difference scheme of the form

(3.7) UM(x)=4U"Yx)+AU" Y (x—-h)=(EU" ')(x), x€ER,

where 4; and A4, are (k + 1) X (k + 1) matrices, and we have made the usual
extension of the scheme to all x € R. The matrices depend only on the parameters y
and k, so the operator E defined by (3.7) is translation-invariant.

In the case k = 0 we have

Al = 1 - Y’ AZ = 79
i.e., (3.7) reduces to the ordinary upwind scheme in this case. If kK = 1, one has
1 1 1 1(1 -
4=01-7) S e ey .
6y 1-2y-—2y -6(1 —vy) -3+6y-2y

Below we confine our attention to the case k = 1. We let S,, n > 0, be defined by

5,= U(T). = UGT;)..
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Also, we let 8 = (1, v), so that

v, x € (37,;).N (3T, 1) 1
"’"’(")'={1—y, x e (3T,;).N(3T) .
We also introduce the parameter p defined by
p=v(1-7).

The main purpose of this section is to prove the following

THEOREM 3.1. Let k = 1 and let u, be defined on R X R* by (3.2) through (3.6).
Then there is a constant C such that for alln, p, n > 0,1 < p < o0,

(3.8) luz (-, ) = < Cllgl, =
and
(3.9) Iv - B(ui = ui)ll,.s, = Co/n)| gll, &

The proof of Theorem 3.1 is based on Fourier analysis of the finite difference
scheme (3.7) and is split below into several lemmas. We begin by introducing the
Fourier transform

0n(¢)= [~ emUn(x)dx, £€R,

which allows (3.7) to be written as

U"(8) = E(h§)T"71(%),
where E(0) = A, + e "%4,. Below we use a vector norm | - | defined by
2 1 2\172
vi=(ml+ 5wl
where V| and V, may be real- or complex-valued. The reason for using this norm,
as will be seen in Lemma 3.2 below, is the obvious relation
V]=lvlr,01» v(x) =V, + Vy(x— 1), x€(0,1).
If A isa?2 X 2 matrix, we set
|A| = sup [4V] .
veo |V
Further, if V = (V},V,)7 is a vector-valued function defined on S C R, we denote
by |IV]l,s or by ||V||L,,(s) a norm of V defined by
” V”p,s = ” V”L,,(S) = ||| V() |||LP(S)~
Similarly, if 4 is a 2 X 2 matrix with coefficients real- or complex-valued functions
defined on S C R, we set
14l,.s =140z, =14 ]z,cs)-
Let [L,(R)] 2 denote the space of vector-valued functions ¥ = (¥, V)7 defined on
R such that ¥V, € L,(R), i = 1,2, and let E be a linear translation-invariant operator

defined on the whole space [L,(R)]* for some p, 1 < p < . Denote by | E]| » the
norm of E defined as

IEV|,.
IEl, = sup — 2%
Ve[L,R)]? ||V||p.R

V+0
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Assume further that the Fourier transform of EV, V € [Lp(R)]Z, as defined above,
is given by

(EV)(§) = E(hE)V(£), §€R,
where h > 0 and E(8) is 27-periodic. Note that the operator E, defined by (3.7),
satisfies these assumptions for any p.

The operator norm | E||, can be estimated using the following lemma, which
states the well-known Carlson-Beurling inequality (cf. [4]). In the lemma, x denotes
a smooth function defined on R such that x(8) = 0 for |§| > 37/2 and x(6) =1
for |0] < 7.

LEMMA 3.1. Under the above assumptions write E(0) = e "*°E(0), where « € R is
arbitrary. Then || E||, = M,(E(8)), where the latter can be estimated as

5 ) d 3 1/2
M(E(0)) < C{IxElm| 5B, | -

In order to prove the stability estimate (3.8), we obviously need an estimate for the
translation-invariant operator E": U°® —» U" defined by (3.7). We prepare the
situation so that Lemma 3.1 can finally be used. An essential step is then to estimate
the growth rate of £(8)" = (A, + e ®4,)" as n increases. If £(8) has two linearly
independent eigenfunctions associated with the eigenvalues A; and A,, we can use
the usual splitting
(3.10) E"(0) =D'(0)A(0)"D(6), n=1,2,...,
where A(8) = diag{A,, A, }. However, since E(8) is nonsymmetric and depends on
both y and 4, it is difficult to prove the existence of the diagonalizing matrix D in
(3.10) in general. Therefore, we use below the splitting (3.10) only for small |6| and
near the points (8,y) = (£7,0) and (0,y) = (£ 7,1); for the remaining values of
the parameters, as it turns out, it suffices to estimate the matrix norm of £(8).

The essential properties of £(8) to be required in the subsequent analysis are
established by the following three lemmas.

LEMMA 3.2. There is a positive constant k such that E "(8) admits the representation
(3.10) in the range (8,v) € D, = [-«, k] X [0, 1]. The eigenvalues of E(8) are smooth
functions of vy and 8 in D, and satisfy

A = CXP{—ivﬂ —a(y)pb* + 0(p|0|5)},

A, = exp{-cp + O(p|0])},
where a(y) is strictly positive for y € [0,1] and c is a positive constant. Moreover,
|D(8)| and |D~Y(8)| are bounded by a constant for all (8,v) € D,.

Proof. For a given y € (0, 1), let A(8) be an eigenvalue of £(6) and write

AMO)=e ™ +pt=(1-¢)"+pt=1-v+p[¥(v.9) +£],
where we have introduced the new variable ¢ =1 — e~®. For any y € [0,1], ¢
admits the series representation

.- I'(k—v) K

vire)= - EZ T(k+)I2-v)""




12 C. JOHNSON AND J. PITKARANTA

which converges in the open unit disc |¢| < 1. Thus ¢ is an analytic function of ¢
on the open unit disc and so ¢ = Y (v, ¢(8)) is a smooth function of § on the
interval [—c, ¢] for any y € [0,1] and ¢ < 7 /3.

Denoting by I the identity matrix, we obtain, using the above notation,

69 —6+(4-2v)o+ v ¢

Using the series representation of ¢, we further obtain, after a straightforward
computation,

E(0) - A8)I=p

Det(E(0) —A(0)I) = ¢+ a ¢ + a,,

where a, and a, are smooth functions of y and ¢ behaving for small |¢| as

1 5
a=6+0(lsl), ay= 5 (1—v+7v>)s*+ 0(lsf).
Thus, the eigenvalues behave for small |¢| as

1= —p[e(v)o* + by(v.9)], Ay =e T —p[6 +b,(v,0)],
where ¢(y) = 4(1 —y + y?)> 0 and b, and b, are smooth functions of y and ¢
in the range y € [0,1], |¢| < k, «k small enough, with b, = O(|¢|°), b, = O(|¢)).
Recalling that ¢ = i + O(8?), we obtain the asserted representation of the eigen-
values for small |¢)|.
The eigenvectors corresponding to the eigenvalues A; and A, are given respec-

tively by
1
yl= ( 1 ) +0(8%), Vv?= ( 12’9) + 0(6?),

if 1

so that
1.
(3.11) D(6) = (10 121’9) +0(82).
l

This proves the assertions concerning D, so the proof is complete. O

LEMMA 3.3. There is a positive constant k such that E (8) allows the representation
(3.10) in the range

D= {(6,y) € [-m, 7] x[0,1]: y(1 = v) < &, 7 —|8] < k}.
The eigenvalues of E(8) are smooth functions of y and 8 in D, satisfying
IAI,Zl < e-cp’ (y’a) € Dx’

where ¢ is a positive constant. Moreover, |D(8)| and |D~'(8)| are bounded by a
constant for all (8,v) € D,.

Proof. By a straightforward computation, the eigenvalues of E(8) are given for
small y by

Ao=1- [2 +e 04 yal(y,0)]y + {4 + 10e "% — 5¢72% + yaz(y,0)}1/2y,

where a; and a, are smooth functions of y and . By inspection, if k is small
enough, the eigenvalues are smooth functions of y and @ in therange k < |§| < 7 — «
and satisfy |A,,| < e ", where c is a positive constant. Moreover, near the points
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(v,0) = (0, £ 7) the matrix D in (3.10) is given by
1 1
1-V11i 1+ V11
which shows that |D| and |D~!| are bounded in the range y <, 7 — || < K, K
small enough.
The case where v is close to unity is handled similarly. O

D= + 0(y) + O(|e + 1)),

LEMMA 3.4. Let 0 < k < 3. Then there is a positive constant ¢ depending only on «
such that
|E(8)| <e ™, ifx<|0l<m—xandye]01],
and

|E(8)| <e ¢ ifk<|0] <mand max{y,1 -y} >«

Proof. We need first some notation. For V' a vector, set W = E(68)V and define
the functions v, w and z on [0,1] as

o(x)=Vi+ V(x—1),  wlx)=W +Wi(x-1),

()~ |

It follows from the definition of E(8) (see in particular (3.5) and (3.6)) that w = =z,
where 7 denotes the L,-projection into the space of polynomials (with complex
coefficients) of degree < 1 on [0, 1]. Note that ||z|| .01 = |Vl 1,101 and that z is a
polynomial only if eitherp = O orif e~ = 1 and ¥, = 0.

Assume now that k < |#] < # — k. Then, since Im(e~") is strictly nonzero, it is
easy to verify that for any polynomial p of degree < 1 one has the inequality

e (x+1-vy), 0<x<7,
v(x—v), y<x<l1.

max{||z —P”Lw[o.y], "Z '—P”Lw[l—y,l]} = C"U”Lw[o,u,

where C is a positive constant depending only on «. Setting p = 7z, it follows easily
that

|7z — z|| L,[0,1] = > Cmin{y,1 — Y}”U” L,[0,1] = > Cpllv "Lz[o 1)
By a similar reasoning, if || > k and p > k, k¥ > 0, there is a positive constant
depending on « such that

||7TZ z”L;[Ol] C” ||L2[01]

Combining the last two inequalities we have
. 2 2 2 2
IE(0)V| = “ w " L,[01] = || Z || L,[0,1] — " zZ—mz " L,[0,1]

< ‘1||U||2Lz[0.1] = ‘I|V|2a
where g =1—-C(k)pif0<k<|f|<7m—xK,and g=¢q(k)<1ifO0<k<|l|<7
and p > k. Since this is valid for any vector V, the proof is complete. O
Remark. From the proof of Lemma 3.4 one might think that the inequality
|E(6)| < e~ holds whenever || > k, independently of y. That this is not true is
seen by choosing v(x) = x — 1 and § = + 7. Then

2 2
7z =zl 00 <llv = zllz,0m = o(p®),
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which shows that one can only have (and in fact has!) the estimate
|E(0)|<e™, |8] >k, ve[0]1].

This is why Lemma 3.3 is needed (see below). O
In the next lemma we combine the estimates of Lemmas 3.2 through 3.4.

LEMMA 3.5. Let E(8) = e"Y°E(8). Then there are positive constants C and ¢ such
that foralln > 1and 0 € [—m, 7],

|E(8)"] < Cem?",

:;%E(B)" < C(l + pn|0|3)e_cpn04 + C(l + pn)e“"’".

Proof. Choose k > 0 so that the assertions of Lemma 3.2 and Lemma 3.3 hold.
Using the representation (3.10) together with Lemma 3.2 and Lemma 3.3, we then
obtain

|E(8)"] <

or|<cE o+ 4lenon)

where A, , are the eigenvalues of E(8). From these estimates and from Lemma 3.2
and Lemma 3.3 the asserted estimates followif k < || < 7 — korif 7 —k < |0| < 7
and max{vy,1 — v} > «. In the remaining cases, we use Lemma 3.4 to obtain

EE(B) <n

FEO)|1E@)

. N ~ n—1
4, + e V8, E(8)]

< Cpn|E((z")|n_1 < C'pne=“*".
This completes the proof. O
We are now ready to apply the Carlson-Beurling inequality for proving (3.8).
Choosing a = yn in Lemma 3.1 we conclude that

(3.12) U™, < M(E")|U°|,, 1<p< o0,
M,(E") < C{||XE"||L2(R>

where MP(E ") is estimated as
12
L2<R>} '
Using the estimates of Lemma 3.5 it follows that

IXE"Femy < €[ 48 < €, min1, (o) )

d I n
26XE

and
2

< C/:"/Z {[1 +(pn)2|(9|6]e’c"""4 + [l +(Pn)2]e‘c""} do

< Cl[l +(pn)l/4].

d [ n
%WE

L,(R)
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Thus, MP(E~ ") is bounded by a-constant independent of p and ». The estimate (3.8)
now follows by combining (3.12) with the obvious estimates

" u,(-,1,) ”p,R < C”U"”p,lb I|U0”p,R < C”g”p.R'

It remains to prove (3.9). To this end, we will estimate the vector-valued function
W " defined by

w" = (W1"aW2n)Ts Wln(x) = Uln(x) - U"(x—h) - Uzn(x),
Wy (x)=Us(x)— U(x—h), x€R.

Here U" = (U, Uy")T is defined by (3.7). Let us first show that it suffices to
estimate W".

LEMMA 3.6. There is a constant C independent of vy and n such that
- BCu = i) .5, < Coll Wl &-

Proof. Let v, be a polynomial of degree < 1 on R? such that (u,, — V)i = 0 (see
Figure 1). In the subdomain w, = {(x,?): x €R, t,_; <t <t,} we may interpret
w, = u, — v; as the discontinuous Galerkin solution to the problem

E + 75; =0 in @y u("tn—l) = (u; - vi)("tn—l)

on the triangulation ¢/ = {T € ¥": T C w,}. Since u, — v; vanishes on T}, we
obtain by applying Lemma 2.1 and (3.3) that

|v - B(uy — u;) ||p,<arn7>.= “" : B[(u;. - Ui)+—(“h - Ui)_] l|p.<ar;i)-
< CY|| u, — ||p,<a1*;,-).rw(37:*.,»_n+

< Gf(uy = 0)(-1t,4)

Ly(xi—2,%i-1)

and similarly,
v - B(us — uy) IL!I,((*T,.'.-)-= ”" ’ 'B[(“h - Ui—1)+‘(“h - vi-l)—] 'lp,(aT..'i)—

< C(l - Y)"(u; - vi—l)("tn-—l)”Lp(xi—lsxi)'

On the other hand, it follows from the definition of W" that W” vanishes on the
interval (x;_,, x;) if and only if u,(-,t,_;) is a polynomial of degree 1 on the
interval (x;_,, x;), i.e., if u;(x,t,_;) = vi(x)=v;,_1(x) for x € (x;_,, x;). From
this it follows easily that

"u;( ’ tn) -y "Lp(xi—z’xi—l) < CI'Wnlle(xi—lsxi)
and

"u;( ’ tn) - Ui—l ”Lp(xi—hxi) < C” Wn”Lp(xi—lvxi)'
Combining these inequalities we obtain

”V : B(u; - u;) ”Py(i‘)T::)- < Cp“ wr ”Lp(xi-l,xi)'

This proves the assertion for p = oo, and for p < oo it remains only to sum
overi. O
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Let us now complete the proof by estimating ||W”|| . Note first that the Fourier
transform of W" is given by

W (§) = B(h§)U"(§) = (BE")(h§)U°(%),
where
1—e -1
B(6) = .
(6) 0 1—e
Assume first that || is small enough. Then using the diagonalization (3.10) of £(8)
and recalling (3.11) we obtain after a simple computation
BE" = NiH, + NyH,,
where H, = O(6?). Therefore, using Lemma 3.2, we conclude that for |0] < k, K
small enough,
|BE"(6)| < C((:?ze"'”"o4 + e=cPm),
4
dé
Using a similar argument as in the proof of Lemma 3.5, we conclude that these

estimates remain valid also for k < |0| < 7. We can now apply the Carlson-Beurling
inequality to obtain

BE"(8)

< (161 + pnl6])e=" + (1 + pn)e<e"].

” W"p,R < Mp(BEn)"UO”PsR’
where M, p(BE ") is estimated as in Lemma 3.1. An easy computation shows that
~ -1,2
M,(BE") < C(pn) "".

Combining the last two estimates with that given in Lemma 3.6 we now end up with
(3.9), and the proof of Theorem 3.1 is complete.

We conclude this section by stating a stability estimate for the discontinuous
Galerkin method applied to the problem

du du
(3.13) _a—t + Ya - 09 (X,t) € Qn»

u=g, (x,1)€(92,),
where y € [0,1] and §,,, n > 1, is the triangle
Q,={(x,1);0<t<t,=nh,0<x<t}.

Let the triangulation " of Q, be defined as the restriction of the above triangula-
tion of the half-plane to §,, let k = 1 and let u, be defined according to (1.2) on
each T € #". Then we have in analogy with (3.8) the following stability estimate.

THEOREM 3.2. There is a constant C such that foralln > 1and 1 < p < 0,
ui(-,1,) ”Lp(o,r,,) +luyll, e, < Cllv - Bgll, (a0,
The proof is based on the following localization result.

LEMMA 3.7. Write the solutions of (3.7) as
+ 00
U'(x)= Y B, U%x-jh), x€R

j==o
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Then the matrices B, ; satisfy

1B,,| < Cmin{1, (pn)™, [1 +(on)"*] (j = yn) ™).
Proof. Using the Fourier transform E#)of G , we have

= if E(8)"e df.

B, = 27

By Lemma 3.1,
|B,;| < é%[r e %" df < Cmin{l,(pn)~1/4}.

On the other hand, integrating by parts and using the periodicity of E(#), we have

1 7 - .
- nLi(j—ny)8
B, 277[ E(8)"e =m0 4g

-

1
=—— E(0 W= 49
27(j - ny)* f d02[ (0)"]e

From the argument used in the proof of Lemma 3.5, it is easy to see that

[E(B) J| < c[(1 + pn6? +(pn)’6¢)e=on"

d02
+(1 + pn +(pn)2e“"’”)], 0<|l|< 7.

Using this estimate we obtain

1B, < C[1 +(on)”](j = yn) 2,

and so the assertion is proved. O

Remark. Localization estimates similar to those given by Lemma 3.7 are pre-
sented, e.g., in [3], [5] for scalar difference schemes. When compared with these
estimates, Lemma 3.7 indicates that on a uniform mesh, the discontinuous Galerkin
scheme with k = 1 behaves like a finite difference scheme which is accurate of order
three and dissipative of order four. O

Let us now prove Theorem 3.2. For 1 < m < n, define

g(x,t), if(x,t1)e(99,) and¢, ,<t<t,,

1) =
gm(x, 1) 0, elsewhere on (3%,,)_.

Then

u;(x’tn)= E u;m(x’tn)’ 0<x<t"’
m=1
where u,,,, denotes the approximate solution of (3.13) with g replaced by g,. Now
let m be given 1 < m < n, and define for m < r < n the vector-valued function
U ~"onRby
_ _ du T
Ur="(x)= uhm(xi+1/2’tr)’ ha—)hcm(xi+l/2’tr) ) X, S X < X
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where we set u,,, = 0 outside Q,,. Then U"~"™ = E"~"U°, where E is as in (3.7) and
U° is nonvanishing on the intervals (x,, x;) and (x,_;,x,) only. Moreover,
applying Lemma 2.1, we have the estimates

TU° 0o < CYIEQ0, ) initne sty < CYIE o 02,y
and, similarly,

”UOMLw(xm_],xm) < C(1 = y)lgllws,).-
On the other hand, by Lemma 3.7 we have

U (x012) ] < ai(n = m DU )|

+q2(n—m,i)lU°(xm_1/2)|, O<isn—1,

where ¢, and g, satisfy
a:(r,i) < Cmin{1, (pr) ™%, [1 +(or) "] (i = vr) 7},

0:(r.i) < Cmin{1, (or) /. [1 4 (or) ] (m 1 =i = yr)).

Combining the above inequalities and summing over m we now obtain

” u;(" tn) Ile(x,,x,,,,)

<Wﬂwﬁqy§%ma+a—w§%uw}

r=0 r=0

(3.14)

Using the above estimate for g,(7, i) we may estimate the first sum on the right side
of (3.14) as

1 D18

yX qri)<Cy X min{1,(pr)""}
0

m rili—yr|<d

+Cy ) [l +(pr)1/4](i —yr)A

rili—yr|>d

Choosing here

d= max{l,(pi/y)1/4},
it is easy to see that both sums on the right side are bounded by an absolute

constant. Upon estimating the second sum on the right side of (3.14) in a similar
manner we now obtain

” ul;( s tn) Ile(O,x,,) < C”g”oo.(aﬂ,,)_’ n= 1.

Combining this estimate with the local estimates given in Lemma 2.1, the assertion
follows in the case p = «. The case p = 1 can be handled in a similar manner, and
finally the remaining cases can be treated by interpolation [1]. We omit these details.
a

Remark 3.1. In the above analysis we have confined ourselves to the case k = 1.
The case kK = 0 is more elementary, and one can easily verify that the estimates
stated in Theorems 3.1 and 3.2 are valid also in this case. Note that if k = 0, (3.8)
merely states the well-known L -stability of the upwind finite difference scheme, cf.
[4]. So far we have not been able to carry out the full L ,-stability analysis of the
scheme (3.7) when k > 2. O
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Remark 3.2. Using the stability estimate (3.8) one can perform an ordinary finite
difference error analysis of the discontinuous Galerkin method when applied to
problem (3.1). As an example, let us estimate the error of u,(-,¢,) for some choices
of initial data assuming that k = 1 and n < Ch~%.

Case 1. Let us first seek a scheme of maximal order of accuracy by choosing the
initial data as

U’(x) = (g(x),ﬁAhg(x) + czAz,,g(x)),
where A, g(x) = g(x) — g(x — h) and ¢, and c, are constants to be defined shortly.
We have for the discrete solution U

Un(¢) = [E(h§)]"0°().
Correspondingly, we have for the exact solution, defining
W(x) = (u(x,1,),c80u(x,t,) + c,Au(x,1,)),
that
Wn(g) — e—iynh&WO(g) — e—i'ynh$l'\]0(§).
Let us now choose the constants ¢, and ¢, so that U%(¢) = g(£)[V(§) + O(|hé)],

where V(§) = (1, V,(§)) is the eigenvector of E(he) corresponding to the eigenvalue
A (&) = e "¢ + O((h¢)*). From the proof of Lemma 3.2 we obtain

=1, c;=32-v).

With this choice we have, for nh < C,

Wr(g) = U(£) = e ™ O(£) — M(£) V() + O(|he )
= [emmm — N, (£)"]WO(8) + O |he])
= o(Ke)WO(¢) + 0| hel).

This leads to the error estimate

< 1| gll e mys

|“(xi+1/2’ t,) = “;(xi+1/2’ 1,)
so with a proper choice of initial data, the scheme is accurate of order three.

Obviously, the high accuracy can only be achieved at discrete points; if the error is
measured in the norm || - || , g, a finite difference analysis only gives

”(“ —u;)(-,t,) ”p.R < Ch| gl W2P(R)s

which is an estimate typical for first-order schemes. We see below in Section 4 that
the latter estimate can be improved by using the improved stability estimate (3.9).
Case 2. Let the initial data be chosen as

d
U°(x) = (78 (), s (mg)(x),
which is the choice made by the usual discontinuous Galerkin scheme. Then
”UO - WO"p,R < Ch2||g|! W3P(R)>

which gives

|(“ - u;)(xi+1/2’tn)| < Ch¥|gllwsoemy-
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To sum up, we have for k = 1and n < Ch™},

(= 1) (32 0)| < Bl sy

where s = 3 with a special choice of initial data and s = 2 with the usual choice of
data. Moreover, for (essentially) all choices of initial data we have

[[(u = “;)("tn)”p.k < Chl|gllw2rw), I1<p<oo. a

4. L,-Error Estimates. We now apply the results of the previous section to derive
L -error estimates for the scheme (1.2) in the case where ¥ h is a uniform or
piecewise-uniform triangulation of £ and either k = 0 or k = 1. In the case of a
uniform triangulation we will only need the estimates of Theorem 3.1, whereas if the
triangulation is only piecewise uniform, also Theorem 3.2 will be required (in the
case p = oo0). The results below are thus valid for any value of k for which the
estimates of Theorem 3.1 and 3.2 can be proved.

We will need stability estimates analogous to (3.8) and (3.9) for the discontinuous
Galerkin method applied to the problem

{u3+au=f in Q,

(4.1) u=g on 0§ _,

where a € L_({2). To generalize the situation stepwise, let us first assume that & is
still the half-plane, with ug = 9u/dt + ydu/dx and y € [0, 1] as above and with the
triangulation €” defined as in the previous section. For each » we furthér use the
notation

w, = {(x7t): x €R, t, ,<t< tn}’
Q,={(x,1):xeR0<1r<1,},

(4.2) M
L, = U Sim>
m=1

where ¢, = nh and S, is defined in Section 3. We now prove

THEOREM 4.1. Let €" be as above and let u, be the approximate solution of (4.1)
defined by (2.4) with either k = 0 or k = 1 and with h||a||, q sufficiently small. Then
we have for alln > 1 and 1 < p < oo the estimates

"u;( T tn) ”p.R + ” u, ”p,ﬂ,,

< cMq"(hn)' (I fllp.0, + 118l m)s

and
v - B(uy = ui)llp.r,
< CMan[hl—l/pn1/2(hn)1“1/p”f”p’ﬂn + nmax(O,l/p—-l/Z}”g”p.R],
where M =1 + ||a||.0, 9 = 1 + CMh and C is an absolute constant.

Proof. Let us derive first some local estimates for u, on w,. Applying repeatedly
Lemma 2.1 to the triangles 7,/,_,, 7, and T,; (see Figure 1), we see that

Netnllyp ke, + B2l o 1) iy + B2 Buiy = i) Mo 1.

< Ch”f”p,l(, + Chl/P”u;(" tn—l) ”Lp(X,—z-X,)’
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where K, = T,",_, U T,; U T,;. For p = oo this implies immediately that

||uh|!,,'wn + hVPuy (ot | + B2 - B(uy = ui) |, s,
< Chl\fllo, + CM?|lu; (-, t,_1) [l 2o

and for 1 < p < oo the same estimate readily follows by summation over i.
It is easy to sharpen the estimate for u;(-, t,) in (4.3) by writing
(44) ul;("tn)= Ghu;("tn—1)+vn("tn)’ nzl,
where G, is defined by (3.4) and (3.5). By linearity, v, is the discontinuous Galerkin
solution on w, to the problem

(4.3)

%‘;i + Y%:CK = fo>
u(-,t,_1) =0,
where f, = f — au,. Thus, by (4.3), v, satisfies
(EACH: )Ilpn Ch 2 fllp
Mty lym + 1] ).

Upon solving for u, in (4.4), we get

(x,1) € w,,

(4.5)

n
up(,1,)= ZG;:_le, wj=vj("tj)’ Jj=1l,w=g.
=0

Applying here (4.5) and recalling that, by Theorem 3.1,
“th”p R = C”g”p R> g €L (R) n> 1 1< P o0,

we see that forany n > 1,
n—1

luz (- ta) |, < CMR Y Jlui (- t,) |8 + CM(hn) "2 £, .0,
Jj=0

The iteration of this inequality now gives

lui (1) lpm < CQU+ CMR)" [ M(An) ") f 1,0, + 8], 8],

which proves the first estimate in the theorem.
In the remaining part of the proof we use the splitting

(4.6) u,= 3 (x,1)eQ,,

m=0

where for m > 1, u,,, denotes the discontinuous Galerkin solution to the problem

@K_l_a_‘y_:{f—auh, (x,t) € w,,

ot 0x 0, elsewhere on 2,
u(-,0)=0,
and u,, is the discontinuous Galerkin solution to dw/d¢ + yow/dx =0 in £,
w(-,0) = g. Since u,,, obviously vanishes for ¢ < ¢, _;, we have by (4.3) that for
mz1

(47) ”V . B(“hm uhm) “p Sm + “ uhm( t )“p R X Chl l/p”f_ auh”p W,
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Now Theorem 3.1 implies that for j > m > 1,
17 - Bt = i) s, < €= m) 2 RVP £ = auy .,
and

7 - B(uso — upo) "p.S, < Cj—l/2||g||p,n~

Combining this with (4.7) and summing over m, recalling (4.6), we have

v - B(ui = u;)lwox, < C[mn"2 f = atyll o0, + 18l k)
and

n
X v Bluy =) s, =y Bluy = ui) |,
j=1

<cn[lf - a

o, +1glgl-

When combined with the estimate already proved for ||u,||, o, these inequalities
prove the second estimate of the theorem in the cases p = oo and p = 1. The
remaining values of p can be treated similarly, and so the proof is complete. O

Let us now return to the original situation of Eq. (1.1) where € is a bounded
convex polygonal domain. We assume first that £ allows a uniform triangulation,
which obviously is possible only in specific cases. To simplify the notation, let us
reduce the situation to that of (4.1) by introducing the affine mapping F: R*> —> R?
with the following properties: (i) if 8 = F(8) then B,/B, € [0,1], (i) if T € €*
then for some n, 0 < n < Ch~'diam§ and for some i, F(T) has two of its vertices
at the points (ih,nh) and ((i — 1)h,(n — 1)h) and the third vertex either at
((i = Y)h, nh) or at (ih,(n — 1)h). It is obvious that such a mapping exists and is
nonsingular. Moreover, if we write 5(F(x)) = v(x), x € Q and { = F(Q), it is easy
to see that i, is the discontinuous Galerkin solution of the transformed problem

B-va+an=f inQ,
a=g ondld_,

on the triangulation {T = F(T): T € ¢"}. Note also that C™! < |B] < C and that
the error estimates to be proved below are invariant under the transformation F.
Thus, we may as well consider the transformed problem. Below we suppress the
tildes for simplicity, i.e., we write § instead of Q, u, instead of i#,, etc. Moreover,
we use the coordinates (x, t) instead of (x;, x,) and denote by .#” the uniform
triangulation of the half-plane {(x,?): x € R, ¢ > 0} such that " = {T e #":
T c @), ie., A, coincides with the triangulation €” referred to in Theorem 4.1.
We also use the notation

D= {xeR:(x,1)eQ}.

J
We can now prove

THEOREM 4.2. Let the domain  and the triangulation €* = M be as above, let u
be the solution of (1.1) and let u, be defined by (1.2) with either k = 0 or k = 1.
Assume further that h|a||, g is small enough and that h'/?||a||, o < C. Then we have
the error estimates

llu — u, ”p,sz < CMzhk+1/2|“|w“‘~P(Q)» 1<p< oo,
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and

jinll),a:¢ ||(u - “h)(" tj) ||p»D;

X hk+1/2|u|wk+l.p(9), p > 2,
hk+1——1/P|u|Wk+Lp(Q)’ 1< P < 2,
where M = 1 + ||a||, o and C is a constant depending only on diam({2).

Proof. Let n be sufficiently large so that @ € , = {(x,7): x € R, 0 < ¢ < nh}
and let ¢ € L,(Q,) be such that ¢ vanishes outside Q. Define the function ¢, on £,
so that ¢, € P(T), T € #,, and

[ o(-dup+ad,)dxdt + [ v (¢; - 9;)v- Bds

T aT,

(4.8)

= f puvdxdt, rTe#, TcQ,,
T

where ¢, = 0 on (9%2,), and a = 0 outside Q. Via the simple coordinate transfor-
mation ¢t — nh — t, ¢, becomes the discontinuous Galerkin solution of the problem
(4.1) with € = @, and f(x,?) = @(x,nh — t) and g = 0. Thus, by Theorem 4.1 and
since n < Cdiam(Q)h~},

(4.9a) loallo.0, < CM| @], o,
(4.96) |lv- B(oi = o) lr, < CMPH> VP, 0, @ € L(R).
Let us now sum over T C { in (4.8) to obtain

B(v,¢4) = (9,0), vEV),

where V), is as in (2.3) and & is defined by (2.5) or equivalently, by (2.6). Choosing
here v = u, — @, where # € V,, is an interpolant of u to be defined below and
recalling (2.7), we obtain

(410) (u,,—i),(p)=.@(u-—i‘4,¢h).

Let us define the interpolant by requiring

(4.11a) /T(u—ﬂ)vdxdt=0, ve P (T) (if k=1),

(4.11b) j(u—a)udx=o, ve P (), Te %",
!

where [/ is the side of T which is parallel to the x-axis. It is easy to see that & is
uniquely defined so far as u € W', Applying the Bramble-Hilbert lemma [2] we
obtain by standard reasoning the interpolation error estimates

lu = all, < CH* Yul|prrroery,
lu = all, or < CR** 1" VPlu | yrcinry, 1<p< o,

where C depends only on « and k.
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Now by (2.6) and (4.11a),

Blu—w,9)= [ (u=2)(¢; - ¢;)v Bds
(T,Nn2)\oQ._

+f a(u— )¢, dxdt,
Q

where T, is as in (4.2). Applying on the right side the Holder inequality, (4.9) and
(4.11), and recalling (4.10), we have

'/;2 (u, — #)pdxdt < CMz(th/z + ”a||oo,s2hk+1)|“|W2~P(9)||(P“q,9a

where 1/p + 1/ = 1. Since this is valid for any ¢ such that Ple € L,(R),1<¢g<
oo, and since ||a||, gh'/* < C, by our assumptions, it follows that

lluy — i, q < CMzhk+1/2|“|W2~P(s2)» I1<p< .

Recalling the estimate for ||u — ||, o and using the triangle inequality one obtains
the asserted estimate for ||u — u|, o

The remaining estimates are proved in a similar manner by first introducing a
function ¢ € L,(R), replacing the right-hand side of (4.8) by

f pudx, Te#A', TcCQ,,
AT (1=jh)

and then proceeding as above. We omit the details. O
We consider finally a more practical situation where the triangulation €” in (2.1)
is only piecewise uniform.

THEOREM 4.3. Let 6" be a piecewise-uniform triangulation of Q generated by €
and let otherwise the assumptions of Theorem 4.2 hold. Then if u € W*+1.r(Q),

1 < p < oo, we have the error estimate
I I Ch VP ulysrng), i 1<p
u— uh ,Q < .
p Chk+l/2|ulwk+1~l’(g), lf 2 < p

where C depends on € and on ||a|| , g

Proof. For K € €, let uf be the local discontinuous Galerkin approximation to u
on K defined by (1.2) for T € €*, T c K, with u;; replaced by u on 0K_. Then
uy, = uy + vk, where vf is the discontinuous Galerkin solution to the problem
@pt+ap=0 inKk,

412
(4.12) ¢o=u, —u ondK_.

Applying Theorem 4.2, we have

lu = uplly ke <flu = il + [0 [k

4.1
(4.13) < CH V2| oy + 0K [0 1

N
]
n
8

Assume for a moment the further estimates

(4.14) loKl, k< Clv-B(u—u;)|,sx, K€€,
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and

(4.15) v - B(u = up) .0k, < CH** 2 ulyrorr), K€ E.
Then the repeated use of (4.13) through (4.15) gives

(4.16) lu = upll, 0 < CH* 2 u| yasrr(q.

Let us now consider the validity of (4.14) and (4.15). Assume first that 0K _
contains two sides of K and denote by wX the approximate solution of (4.12) in the
case a = 0. Then it follows from Theorem 3.2, via an affine transformation, that

|wilpx < Cllv - Bu = wi) lpox., 1< p < 0.

Further, applying Theorem 4.1, we easily see that

lof = wil,.x < Clawf ], x,  1<p <o,

so combining these estimates we conclude that (4.14) is valid for any p if dK_
contains two sides of K. Finally, if dK_ consists of one side of K only, the same
result can be read directly from Theorem 4.2.

If p =2, the estimate (4.15) is valid by Theorem 2.1, and for p = o (4.15)
follows from Theorem 4.2. Thus, by interpolation [1], (4.15) and (4.16) are true in the
range 2 < p < . In the range 1 < p < 2, however, (4.15) cannot hold, since it
would in this case violate the approximation properties of piecewise-polynomial
spaces. Thus, we need a different reasoning if p < 2.

Consider the case p = 1. Let ¢ € L (&) and ¢, € V, be defined by (2.8). By
Theorem 3.2 and by Theorem 4.1, we have

”‘bh“ool( (”‘p“ool(-l'.“th “oo 31(_,,)7 Ke (ga

and so, by iteration,

(4.17) lénllo.0 < Cllgllus o-

Using now an argument from the proof of Theorem 4.2, with (4.9) replaced by the
weaker estimate (4.17), it follows that

”“ “h"lsz < Ch I“lw"”‘(ﬂ)

Upon interpolating between this estimate and the estimate (4.16) with p = 2, and
recalling that (4.16) holds for p > 2, the proof is finally complete. O

Remark. In the proof of Theorems 4.2 and 4.3 we have used the increased stability
of the discontinuous Galerkin method as established by the fundamental inequality
(3.9). It is possible to state this stability inequality in a form analogous to that given
in Theorem 2.1. For example, if g = 0 in (1.1) and the triangulation ¥* is uniform,
we have (in the cases kK = 0 and k& = 1) that

|uh|th Ch~ 1/2“f||p Qs 1 <p

N

oo,
where

1/p
P
% logll o4 52 v B = o)

Teg"

0hs = |
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For a piecewise-uniform triangulation, the estimate remains valid in the range
1 < p < 2, but ceases to be valid in the range 2 < p < o0, as can be shown by a
counterexample. In particular, if p = oo one can show that the estimate

|uhlh,B,oo < Ch_l”f”w,sz

is optimal. Since this follows already from the L_-stability estimate using an inverse
inequality, we see that in this case the smoothing property of the discontinuous
Galerkin method is lost. O
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